We prove that for every smooth Jordan curve γ, if X is the set of all r P r0, 1s so that there is an inscribed rectangle in γ of aspect ratio tanpr¨π{4q, then the Lebesgue measure of X is at least 1{3. To do this, we study disjoint Möbius strips bounding a p2n, nq-torus link in the solid torus times an interval. We prove that any such set of Möbius strips can be equipped with a natural total ordering. We then combine this total ordering with some additive combinatorics to prove that 1{3 is a sharp lower bound on the probability that a Möbius strip bounding the p2, 1q-torus knot in the solid torus times an interval will intersect its rotation by a uniformly random angle.
Introduction
It is a long standing conjecture that for every Jordan curve, there is an inscribed rectangle of every aspect ratio. Even for smooth Jordan curves, little is known in general about the set of aspect ratios for inscribed rectangles. For instance, smooth Jordan curves always have inscribed rectangles of aspect ratio 1 and ? 3, but no other aspect ratios have been proven to always be present [6] [10] . We seek to give a nontrivial lower bound for the measure of the set of aspect ratios. To this end, we will now present the important definitions and theorems of this paper. Definition 1. Let S 1 be the unit norm complex numbers. We define T pn, kq, the pn, kq torus link, to be the subset of CˆS 1 consisting of points of the form pg, rq such that r k " g n . Thus, it wraps around the unit circle in the C coordinate k times and the S 1 coordinate n times. Definition 2. Let M 1 and M 2 be two disjoint smoothly embedded Möbius strips in CˆS 1ˆr 0, 8q such that BM 1 Y BM 2 is isotopic to T p4, 2qˆt0u in CˆS 1ˆt 0u. Let Y denote the one-point compactification of CˆS 1ˆr 0, 8q. Note that H 1 pY zM 1 ; Z{2Zq » Z{2Z. We say M 1 ă M 2 if and only if the map
induced by inclusion is trivial.
Then the reflexive relation on tM 1 , ..., M n u which extends ă is a total ordering.
Consider the S 1 action on CˆS 1ˆr 0, 8q which comes from multiplying an element of S 1 with the S 1 coordinate. If X Ď CˆS 1ˆr 0, 8q and u P S 1 , then u¨X is defined to be tpx, u¨y, zq : px, y, zq P Su. Theorem 2. If M is a Möbius strip smoothly embedded in CˆS 1ˆr 0, 8q with BM " T p2, 1qˆt0u, and u is a uniformly random element of S 1 , then P pM X u¨M ‰ ∅q ě 1{3.
Note that the condition for this theorem to hold is the actual equality BM " T p2, 1qˆt0u. If they are merely isotopic, it will not necessarily be the case that BM Y u¨BM is isotopic to T p4, 2qˆt0u, which is necessary for the proof to work. It is also sufficient for CˆS 1ˆt 0u to admit an S 1 -action preserving isotopy that takes BM to T p2, 1qˆt0u. Theorem 3. There exists a Möbius strip M smoothly embedded in CˆS 1ˆr 0, 8q with BM " T p2, 1qˆt0u such that M X pe iθ q¨M ‰ ∅ if and only if θ P r2π{3, 4π{3s. Thus, the bound in Theorem 2 is tight. Corollary 1. Let γ : S 1 Ñ C be a smooth Jordan curve, and let X be the set of all r P r0, 1s so that there is an inscribed rectangle in γ of aspect ratio tanpr¨π{4q. Then the Lebesgue measure of X is at least 1{3.
Proof. Let M be the Möbius strip in CˆC parameterized by unordered pairs of elements of S 1 with the formula tx, yu Þ Ñˆγ pxq`γpyq 2 , pγpxq´γpyqq 2L et us take a small tubular neighborhood N " CˆD ε around Cˆt0u where D ε is some small circular open disk around 0 in C. Since the disk we removed is circular, the S 1 action on the second coordinate of CˆC extends to an S 1 action on pCˆCqzN . Furthermore, we can identify pCˆCqzN with CˆS 1ˆr 0, 8q in such a way that preserves the S 1 action. Finally, by smoothness of γ, we see that for sufficiently small ε, the image of M in CˆS 1ˆr 0, 8q forms a Möbius strip M 1 such that there is an S 1 -action preserving isotopy of CˆS 1ˆr 0, 8q which takes BM 1 to T p2, 1qˆt0u. Therefore, we can apply Theorem 2 to see that for at least one third of all u P S 1 , we have M 1 X u¨M 1 ‰ ∅, and thus M X u¨M ‰ ∅. If u " e iθ , such intersections correspond to inscribed rectangles of aspect ratio tanpθ{4q, because these intersections give two pairs of points with the same midpoint and with the angle between their line segments equal to θ{2. Furthermore, u´1 gives the same aspect ratio as u, so by symmetry we have at least 1/3 of the θ P r0, πs. Substituting r " θ{π gives the corollary.
Ordering Möbius strips
These will be 1 dimensional manifolds which each have two boundary points. Let P be the straight line segment in Cˆtuuˆt0u between the two boundary points of L 1 . Let Σ be a compact surface in Cˆtuuˆr0, 8q so that BΣ " L 1 YP , and which intersects L 2 transversely. Then M 1 ă M 2 if and only if |Σ X L 2 | is even.
Proof. Let Q be a path in BM 2 between the two boundary points of L 2 . Then Q Y L 2 represents a generator for H 1 pM 2 ; Z{2Zq. Let R be the union of the pair of rays that emanate from the two boundary points of L 2 and lie in the line between the two points. Then let Σ 1 be a properly embedded surface of finite genus in Cˆtuuˆr0, 8q with BΣ " R Y L 2 which intersects Σ transversely, and let Σ 2 be a properly embedded surface of finite genus in CˆS 1ˆt 0u which is disjoint from M 1 and has BΣ 2 " QYR. Then let Σ 1 " Σ 1 YΣ 2 . We see that Σ 1 intersects M 1 transversely, and Σ 1 compactifies to a surface in Y (from Definition 1) with boundary which generates H 1 pM 2 ; Z{2Zq. Thus, the parity of the number of intersections between Σ 1 and M 1 determines the nontriviality of the map H 1 pM 2 ; Z{2Zq Ñ H 1 pY zM 1 ; Z{2Zq, which determines the truth value of M 1 ă M 2 . More specifically, M 1 ă M 2 if and only if |Σ 1 X M 1 | is even. Now, consider the compact 1-manifold Σ X Σ 1 . This must have an even number of boundary components because it is a 1-manifold.
Lemma 2. Let M 1 and M 2 be disjoint Möbius strips smoothly embedded in CˆS 1ˆr 0, 8q such that
Proof. Without loss of generality, we can assume BM 1 Y BM 2 " T p4, 2qˆt0u. Let u be a regular value of the canonical projection M 1 Y M 2 Ñ S 1 . Let L i " M i X pCˆtuuˆr0, 8qq for i " 1, 2. Let P 1 be the straight line segment between the boundary points of L 1 , and let P 2 be the straight line segment between the boundary points of L 2 . Note that P 1 and P 2 intersect transversely at a single point. Let Σ 1 and Σ 2 be transversely intersecting compact surfaces with BΣ i " L i Y P i for i " 1, 2. Finally, we see that Σ 1 X Σ 2 is a compact 1-manifold with BpΣ 1 X Σ 2 q " pL 1 X Σ 2 q Y pL 2 X Σ 1 q Y pP 1 X P 2 q. Since |BpΣ 1 X Σ 2 q| is even and |P 1 X P 2 | is odd, we see that |L 1 X Σ 2 | and |L 2 X Σ 1 | have opposite parities. Therefore, by the previous lemma, M 1 Proof. Consider an alternating tangle which projects to three arcs that each cross the other two once, leaving a triangle in the middle. If we rotate this picture 180 degrees, we get a different tangle. There is a homotopy from this tangle to it's 180 degree rotation which has a single triple point, which simply consists of shrinking the central triangle to a point then opening it back up. If we trace out a singular surface in four dimensions by letting the homotopy evolve with one coordinate, and we take a small 4-ball around the triple point, the intersection between the boundary of the ball and surface will be the Borromean rings. The Möbius strips we describe in the lemma then come from rotating this tangle 180 degrees and then applying the homotopy with the triple point to get back where we started, and excising a small B 4 around the triple point. To see that M 1 i ă M 1 j for pi, jq " p1, 2q, p2, 3q or p3, 1q, we use Lemma 1. For a fixed time away from the triple point, each strand goes over the next strand and under the previous strand, so a disk bounding one strand and the line segment between its endpoints will intersect the next strand once and the previous strand zero times. If we flip all the crossings in the tangle and to the same thing, the cyclic order we get from ă is reversed. Therefore, we can get any permutation of BM 1 , BM 2 , and BM 3 in T p6, 3qˆt0u by flipping the crossings and relabeling. 
Proof. We will derive a contradiction by assuming that we have Möbius strips M 1 ă M 2 ă M 3 ă M 1 . Without loss of generality, we can assume BM 1 Y BM 2 Y BM 3 " T p6, 3qˆt0u.
We
3 pCˆS 1ˆr 0, 8qqzB 4 (from the previous lemma) along their mutual boundary to get a triple of smoothly embedded punctured Klein bottles K 1 , K 2 , K 3 in pR 3ˆS1 qzB 4 which bound Borrommean rings. We glue such that K i " M i Y M 1 i for each i. We claim that each K i is Z{2Z-null-homologous relative its boundary in the complement of the other two Klein bottles. It suffices to take a surface Σ Ď BB 4 disjoint from K 2 and K 3 with BΣ " BK 1 , and a 3-manifold Z with BZ " Σ Y K 1 which intersects K 2 and K 3 transversely, and prove that the 1-manifold Z X pK 2 Y K 3 q is Z{2Z-null-homologous in K 2 Y K 3 . (Although, it is possible to have a nonorientable surface embedded in R 4 which does not bound an embedded 3-manifold, we are in a situation where cutting along Cˆtuuˆr0, 8q leaves us with an orientable surface, so such complications do not arise here.) Let P be the surface in CˆS 1ˆt 0u that, for each u P S 1 cross section, consists of the straight line between the two boundary points of M 1 . We can then select Z by selecting a 3-manifold Z 1 in CˆS 1ˆr 0, 8q that bounds M 1 Y P , and a 3-manifold Z 2 in pCˆS 1ˆr 0, 8qqzB 4 that bounds M 1 1 Y P Y Σ, then letting Z " Z 1 Y Z 2 . We can assume Z 1 and Z 2 only intersect CˆS 1ˆt 0u at P , and therefore that Z is disjoint from BM 2 and BM 3 . Therefore for i " 1, 2 we know that Z X K i is disjoint from BM i , and from this we can deduce that the homology class represented by Z X K i is in the image of H 1 pM i ; Z{2Zq Ñ H 1 pK i ; Z{2Zq. Therefore, it suffices to take a regular value u that is not in the image of B 4 , and show that the number of points in Z X K i X pR 3ˆt uuq for i " 1, 2 is even. By Lemmas 1 and 2, the parity of the number of points on one side of CˆS 1ˆt 0u will equal the parity of the number of points on the other, since M 1 ă M 2 ă M 3 ă M 1 and M 1 i ă M 1 j for pi, jq " p1, 2q, p2, 3q or p3, 1q. This proves our claim. Thus, we can take a triple of transversely intersecting surfaces Σ 1 , Σ 2 , Σ 3 in BB 4 and a triple of transversely intersecting 3-manifolds Z 1 , Z 2 , Z 3 in pR 3ˆS1 qzB 4 so that BΣ i " BK i , BZ i " Σ i YK i , and Z i XK j " ∅ for i ‰ j. Then since the Milnor invariant of the Borrommean rings is odd, there is an odd number of points in the set Σ 1 X Σ 2 X Σ 3 . This leads to a contradiction because this set is the boundary of the compact
Proof of Theorem 1. By Lemmas 2 and 4, the relation is a total ordering.
Bounding the intersection probability
Proof of Theorem 2. Let X be the subset of S 1 given by X " tu P S 1 : M X u¨M " ∅ and M ă u¨M u Using u´1 instead of u has the effect of swapping the Möbius strips being compared by ă, so, by Lemma 2, we can conclude that X is disjoint from X´1 and X Y X´1 " tu P S 1 : M X u¨M " ∅u Now, we proceed by means of contradiction. Let µ be the Haar probability measure on S 1 . We will assume that P pM X u¨M ‰ ∅q ă 1{3 for uniformly random u, and thus we have that µpXq ą 1{3. Now, we know that µpX¨Xq ą 2{3 by Kemperman's theorem in S 1 . Since µpX´1q`µpX¨Xq ą 1, we know that pX¨Xq X pX´1q is nonempty. Thus, we have a, b, c P X such that a¨b¨c " 1. Let M 1 " M , M 2 " a¨M , and M 3 " pa¨bq¨M " pc´1q¨M . Finally, since a, b, and c are all in X, we have M 1 ă M 2 ă M 3 ă M 1 . This yields a contradiction by Lemma 4.
Proof of Theorem 3. First, consider a punctured copy of Boy's surface in Cˆr0, 8q with its boundary on Cˆt0u. We will associate an element of S 1 to each point in this surface to obtain the desired Möbius strip. Boy's surface has one triple point, and three arcs of double points that travel from that triple point to itself. In addition to this, the surface can be built by attaching three disks to each arc of double points, and a cylinder that includes the boundary attaches to the remaining double points. We will now specify how we associate an element of S 1 to each point of this surface. At the triple point, the associated points in S 1 will be cubic roots of unity. As we go around one of the arcs of double points the difference in S 1 at the double point will go across one third of S 1 , along the shortest path from one nontrivial cubic root of unity to the other. This can be done in such a way that the paths in S 1 corresponding to the disks to be attached are nullhomotopic, and the path to which the cylinder is to be attached goes around S 1 twice. We can therefore extend the map to S 1 to the rest of the surface so that the boundary maps to T p2, 1qˆt0u.
In Figure 3 , we show a sequence of cross sections of this Möbius strip, where each image represents a cross section in CˆS 1ˆt tu projected down to C. We use the conventions of Turaev's shadow links [17] to represent the knot. The numbers in the regions represent the number of times you will wind around S 1 if you move along the boundary of the region counterclockwise, following the knot, and moving in the positive direction along a fiber of S 1 at each crossing until you hit the next arc of the knot. The arrows with angles denote the angular distance in S 1 as we go from the tail of the arrow to the head of the arrow in the positive direction along an S 1 fiber. We see from this diagram that the angular distance at each crossing is always in the interval rp2{3qπ, p4{3qπs. 
